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The mathematical correspondence between low speed and high speed
turbulent boundary layers which vas developed by Coles(l) and extended
by Croceol2) 1s extended to mmlti-specie and chemically reacting £lovs.
Tt 18 found that the Prandtl and Lewis number transformations are coupled,
except in the singular case vhere all such mumbers are unity. A simple
boundary layer situation is examined to determine the guantitative nature
of the coupling. It is conclnded that the Coles-Crocco transformation
scheme generally requires physically unrealistic values of transport

properties vhen chemistry is considered. w
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l. Introduction

L e e ]

This report covers the period August 1 - October 31, 1965. Investige-
tions sccomplished in the reporting period included studies of 1) the
transformation of a chemically reacting high speed turbulent boundary layer
to an equivalent low speed flow, 2) determination of the most important
reactions in the free shear-afterburning layer and 3) studies of the
effect of turbulent mixing delay on oversll reaction kinetics. Only study
(1) 14s reported on in detail here. A succeeding report, to be produced
in the immediate future, will contain detailed information on studies (2)
and (3). The work reported herein was sccomplished primarily by

Mr. H, F, Nelson.




2. HNomenclature

€  turbulent viscosity
xﬁi leminar viscosity

> P, T  density, pressure, temperature
U, ¥ velocity in x, ¥ direction

Vg d - . e e ™ S
L shear stress = (U +C ) JW oy
z total enthelpy = h + & v
hoo= Yy

5 T A

ni = jupidT+ uhf

¢)
>
¢ =
? zYi cpi

Qi = rate of formation of species 1

&h.,o heat of formation

4
9. conduction heat transfer = Aﬁig- ...,__33
’ e
< é Y
L 3 ] o - + € - - i
I diffusion heat transfer ,ﬁ-——nPe (€, - 2) %_' by
EEA

Ay = if‘“@} /5, 55

¥, = mase fraction of specles 1
Slf stresm function

) boundary layer thickness
&* displacement thickness

g momentum thickness

La coefficient of friction T = % e u" ¢,

*’;‘5 enthalpy thickness
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¥ A specie 31 thickness

] lieat transfer = qc’!-u'a' +qﬁ

CH heet transfer coefficient

Cm diffusion heat transfer coefficient

o> 1> f s Ofs A 1 transformation variables

subscripts

e edge of boundery layer except Pe, Le, s e which is effective
Pr, L, Sc (ses egs.l)

T recovery value

v wall

superscript

- low speed value



3. Transformetion of Chaniw Reacting Turbulent Boundary layers

The work described in this section is an investigation of the extension
to reacting flows of the transformation of the turbulent boundary layer
suggested by 001es(l) and extended by Crocco(z) . This transformation
technique has been spplied to reacting mixing layers by Casaceiol3) and to
reaction boundary lsyers by Rosen‘ne.m(h) . However, neither of the latter
authors considered the mathematical constraints on transport processes
imposed by extension of the transformation technigue to the species diffusion
equetion. The emphesis here is thus pleced on finding a transformation
wetween the low speed and high speed Prandtl and Lewis mumbers. ‘

In the works of Casacciol3) and Rosenbaum(™ the coupling of Iewis
and Prandtl numbers in the two flow regimes was campletely neglected since
Pr = Pr

t
the two Prandtl numbers wes considered, but that of Lewis numbers neglected

= I = I"t = ]. In the work ofCrocco(z)thecoup]ingof

since L = I, = L. cotes?) vas concerned only with the mamentum
‘transformation, i.e., with the proper correspondence of the pressure and
inertia terms in both the physical and transformed planes.

The conservation eguatioans deseribing the mean properties of the
hypersonic turbulent reacting two-dimensional boundary layer are taken to
be the same as for laminar flow with the moleculer transport parameters
replaced by their turbulent counterparts. Thus effective Prandtl, Schmidt

and lewis mumbers can be defined a.s(h)




R B § - I (1.5)
S. [ S Gl 5%(3.>ﬂ/@) i
L.g = Pe/Se (1.c)
Now the hypersonic turbuilent, reacting boundary layer equations can be
Continuity
W + 9 (o) =0 (2.8)
£e (g0 ¥ 520
Momentum - x -
w g v = -4P + ot {2.p)
f Pel +§, %§ &x ;Td—
Energy
H - r 7 & 1 (2.c)
f“g'i +fvgg é‘a—ﬂ?c + u Zo
Epecles
. (2.4
pu.él’é +fV§_ﬁ:: 3B+ Wi (2.d)
- 2% oY =Y

where the rollowing definitions have been used

Mass diffusivity
fD + D, = S5—

Thermal conductivity

A& = (ure)lo. (3.5)
€



Shear stress

/{Qf7‘€§‘> CQL = 7
oY

Heat transfer
LLE gg’ +(,I(+e)(1-é)u3§ =gt at

Diffusion heat transfer

% -
e (L-DLhgE = g

{3.4)

{3.e)

(3.1)

(h.2)

(k.b)

(k.c)

.;Llf'e EY12 = .
Se oY &
Following References (1, 2, and 3) a gereral transformation of varisbles
is introduced
Vezs
L S%4) - §7 (K
5(/(7()%)
.;35; _éﬁgl_ = ’I('27
£ 9y
d7 _ {w
A%

fhoal
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This transformaticn is intended ¢o transform the hypersonmic turbulent

reacting boundary layer to a low-speed reacting boundary layer. The barred
quantities represent the low speed varisbles, and § (x), rI(x), §(x),

Ot (x) end )\i(x) are unknown functions of x. The stream function
is defined as

(5)

(6)

o Ue N
P _ _E_.q_‘.z_[éf. +f,uf.&_[9“[l_]] 0
dx [ II"‘g ax axl =g

It has been shown in reference 2 that for the momentum equations to have
the same form in both the high and low speed boundary layers the shoar

must transform &s



< af
x = ig[’t’ -T%%(%w)ﬂf *’*‘&?MFF(/ ?’f)(g?
s (8)
a ——
o 4 G Py

By defining Newtonian friction at the wall in the same manner as in

refersnce 2, §(x) becanes

fo = M+ gledo % 4——%f«~ )4

9

s
-[$ +6-°f(/-%f>4;] %(ﬂ”‘%)”

Similsxrly, in order that the two energy equations be of the same form,
the heat t{ransfer must transform as

j»l]

A P ;

- \ V' o)

= OQlg +ul’ +g +d4 (e ~d ()] pu e
fo *=(Ine 47 0&2[ H’&?

Defining

3 (11)
o = A | ' -l) Y )

and evaluating equation (10) at the wa.'tl

{12}

.@.ﬂ = O(g_wf&:vi{! + (Zew "/}(/"E:d ?E/ge\) |
Qw TR, 4y Sull + (L ~0{1-08, Te/ue) J
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where T :Te,"fi

re

g =2

e

Defining a heat transfer coefficient Cy and & diffusion heat transfer
coefficient Cup g0 that

Qu = Cu fo e (He-ta) +Cy 6, “e) ki (Yo =Yoo

Following reference 2 eanother relation for § (x) can be written

- a’_...szfvy
5(7() ,? w?-

[+ (Lo =110 Te /e \.Ey.
[+ (Ly=)( ) - G Talfe) | Tow

1+ s g
C’H ( Hr" Hw) + CH!’? “k; ( Y':Q - Y:w) J

(13)

Combining equations (9) and (13) we get & relationship between Q”,
o » and fz

§
/+§;(a§;m'> L[ u-E g

5
~-[s%+¢ '[(/"%f)ﬂg]g%fﬂmq/w)) = (24)

’\_‘;{, + Held Ln0) + (gr5s) @nd\)][ I +{Le D/ - CpuTe/ue) |
e Hd +Cp T E (g, -y L H 0 (-G TR

Equation (1) reduces to equatlon 2.25 of reference 2 for the case

ﬁe‘# = E" N _L.!ttg = 1, Cup = 0, and
A = constant. HNote that if the Lewis mmbers are diffevent from

fw
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unity, the reduction cannct be accomplished. Solving equation {1l)
for Am o e have

s -
Im o =ﬁ[(l +§€9£(h¢)—t%L(/u%)d?

50
~(s*+e-| (|- &£ d [+ {EewDU-T0TelTD) ) By,
(574 j"(/ F5e )&?)n(hn/y)j){!'I-(Leu‘f)(l-(‘-ﬁ:vTe/‘;:)) P

~1]c, Ci-t) T Y% - He b2 @W)]{ (15.2)

5
i %mﬁd”

Equation (14.a) gives oL to within a constant in terms of C”CX) and J}cx).

Applying 2 similar treatwent to the species equation results in:

_3»[16 é(ﬂm«)ﬁ”%:f% L (Inl; )ffa\.’&a.
d s
.i@%ym?%%%

At the wall, equation (15) becames

(15)

Z:.w = _9_;:/_{__{[/3‘.” t f, Ue Y,-e{(véwts*-—S)j';?(ﬂN\{) -\-b’.;:ﬁ;(%r)}

,.‘[Su’/c. &3} *’lff‘;rf‘ o 4 (16.8)

vhere

. (specie thickness) (16.b)

N
-

S
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From the definition of (4. (eq. 3.f) we can vrite at the wall

G - @A P,., L. an
)1 ik, N L Le,
Lw
Combining equations (16.a) and (17) gives a third expression for f (69
S = o Lk Bolea [ | nauy
T T 7 * + JfedeYie (Ln o
Al R R ALy

(38)

s
H(5457-5) L ()] ’f‘f; 9}[ / W }
B, -4 g
-l)’}?:w

Combining equations (9) and (i8) gives an expression which < (x),
G (), N (x) asd A, (x) must satisty.

/+&g_q_): % A Uas) +(1+5"-9) & uzm/l) '_[?_“z

[+ (T - T/ (19)

Lcw

WP £lne) +(P+5"-5) 4 (1)) ]
Cu (He =Hw) +Co A (Y- Y:)
A

Note that equation (19) still involves /( {x), even if the low speed
flow is frozen @E = 0) or in equilibrium, since {yn ot is a
fanction of '? o {(See equation 14.a) Solving equation (19) we get

/k,‘ to within a constant in terms of Glandfz since < is given

in terms of G’ and /] by equation (ik.a). -
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- s
= Lew __i_ LN } 4 (Ley~-1)(1-Cw Te/He) .
And f(“‘[i P [};W‘J?][ [+ cz‘.’w-n(:-z;*wﬁ/ae)]
[ Lt +( ) (Bt ) , . .
{i . ulod (45 s)é(«m.] vy - l)
Ca(.uf"“ﬂ){-c“p;lé‘,(}’;e-Ym) By

f Av ) } ¥» %I&.m‘l
L ; e J - ¢ asnT
£, 4 (5 4675 Fre S g &

o

Lew

(19.a)

Row if we assume that zero pressure gredients transform to zero pressure
gradients (as was assumed by Coles and shown to be reascnable by Crocco),
from equation (7) we have that In 1/(¥ = constant, as was done in
reference L.

Now the last variable @/ (x) must be determined in some experimentsl
way since there are no more applicable conditions availeble. Rosenbaxm(h)
evaluated G by relating it to Reynolds number invariance at the edge of
the laminar sub-lsyer which separates the viscous fram the non-~viscous
boundary layer. (See reference L, pp 15 £f.)

Now since Q7 (x) is known the other transformation variebles are
all known to within a constant.

Since the transformetion variables are now known it is possible to zee
how the Prandtl and Lewis numbers transform.

In the same manner as Crocco, we can write, after sone algebra, thet

from the momentum and energy equations, using equations {8} and (10).
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%
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g
Et’-l- (' W.y) Y Vid —-fe T
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Equation (20) reduces to Crocco’s equation 3.13 for zero pressure gradient

iﬁ;g%c -o,d-consta.nt,l—e”te.‘lsanﬂ

/. /| = comstant. Note that the Prandtl end Lewis numbers are coupled.
We get a second relation in the same manner from the Species and
Mcmentum equations, using the definitions of /5 and 7° , snd replascing

+he Schnidt numbers by Prandtl over lewls mumbers.

s
L = [ttop + {40, ¥ i (MU?«Y&? “f ey
5

_ 5o _
+ 18 jg-j;wz%fﬁﬁa {T * (o) Sz“’%%&%*g?(#%g)&} (21)
1 €

4 fe U &(h%«)f f( J—f}-)&;]
In general we can solve equations (20) and (21) for Le(f__&):ﬁ;;s
(C.,P,) » end consequently the Lewis and Prandtl mubers

are not independent. To illustrate, a very simple cxemple will be shown.

Asaumes

1) that zero pressure gradieats transfcerm to zerc pressure greiients.

{Izplies 7. Y = constant)



2} +that the pressure gradient is zerc.
(Implies > = constant, e = conmstant, fo = constant)
3) that O (x) = comstant, & .
(Tmplies streemlines are proportionsl and that /] = constant,
q* from 1.)
4) W, = () = 0 either equilibrium or frozen flow in
each regime.

In order that the 3 equations (9), (13) and {(18) be consistant, we have

§. = OJ‘,I‘ M‘l ‘ (22.3)
T it

ol = constant = ok (22.v)

* L)

Ay = constawt = /\(-‘ (22.¢)

T Mo 4+ Pou [y D(He “GTe) = Ruglie 4Pl e GATe) (22-9)

He “l-
° T 22.
fow = Ll (e2-)
Pew Lew

Hote that in this simple case, equation (22.e) gives an extra condition
45 be satisfied by the lLewis and Prandil mmber transformation, thus

enabling the sclution of 3 of the numbers in terms of a single quantity,

14



since {22.f) will be shown to be exactly the seme as equation

15

21).

Using the above relations equation (21} becames (Note that it esgrees

identically with eguation (22.f).

-\—.g - l:é {23.a)
P P
and equation {20) becames
My o (Boyupy + (L0 -5 wau -G E HTF=
Peg% «*n"(P‘ 1) gg R I T AT 15=
CRY LT, u't)_\} - aa..qu -cgTe 24 (23.p)
}_ e ) + (L )L 5:& F?‘He_ a\é ]}
Now assuming L = constant = Lo
T.-g = constant =t¢w
= constant = 7
Ve i (23.2)
?e = constant = Pgw
Ce" = constant = Cp'w
3 »
CP = constant = Cpw

equation (23.b) can be integrated fram y = 0 to a0 giving

2 -
?ewg H(Nw +§%;L(aw-l>u

ue 4 (L, ~nlhe -3 ui

2

Y

{2h)

- Z{:“,‘:C; (He- yw)]} = Ew {Hyﬂw +(@w~’i) l_f;' +(L¢w—l) [ He - Hw

He
2
- e

P

R

- Chuy Te (He."Hw}]?

He



16

Also using relations (23.c) in (22.e) and a little algebra we get

» — o yZ.
W
Z

From physical considerations we see that the plus sign must be used.

o

Now using equation (23.a) in equation (24) and solving for Pe

w 3
we have after some algebra
P He -ty ~Ly) Fule - Bew (fop, g tPwTe el (1- 2
Fe\n = £ ul { (= bew): W'ﬁ. L.,,(! Few) wueg o ﬁ’f?‘s)(%)

z
(1- %)
Thus we have arrived at the equations (26), (25), (23.a) describing the
transformation of Prandtl and Lewis mmbers in the two flow regimes, if
we know the values of Q7% , olf , and fl* . Note that once one
of the mumbers in either flow is known the rest are avtamatically known by
equations (26), (25), and (23.a).

Since gvailable experimental dats shows rather wide variations (from
unity) in the lewis and Prandtl numbers applicable to high speed mixing
layers, we must conclude that the Coles-Crocco transformation scheme is of
very dubious spplicability to reacting flows. The correspondence between
Lewis and Prandtl mmbers imposed by the mathematical transformation will |
usually not be satisfied physically, except in the special case where i
transport of each species, momentum and erergy occur at eqgusl rates.




Figure 1 shows how the numbers vary for & given L, for the
following conditions

high velocity flow low velocity fiow
U, 15,000 f£t/sec 1000 £t/sec
Te 298 °x 298 °k
T 8o% %k ool %k
He 1.075 x 10 c:mz/secz2 3.47 x 107 c:mz/sec2
Hw 9.03 x 10° ca’/sec” 9.03 x 20° cn’/sec’
C;w 7.0 cal/gr-mole 7.0 cal/gr-mole

The values of ot , [I* , X used were the following
x z ve z
[6"/,2*] =[ Ji/ugl = 004} (from equation 6)

<" = He/yy, = .0323 (from reference 2)

17




Noan-dimensional Magnitude
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Figure 1.

Trensformaticn of the Prandtl and Lewis Numbers



L,  Fubure Work

The chemical equilibrium solutions for the exhaust plume - air free
shear layer {which have been provided by NASA) wiil be used in our
previously developed calculation scheme to determine the relative impor-
tance of various reactions. The results will be campared with those of
wWir previously accamplished study of mear-frozen mixing profiles to deter-
mine the nature of the important reactions and thus permit deduction of
pea~-equilibrium scaling laws. The rate of macroscopic aixing of turbulent
eddies will be calculated for the plume - air mixing layer. These mixing
resze vwill be compared with the chemical reaction rates to attempt to
elncidate the role of macroscopic turbulent mixing in ignition delsy in
the efterburning region.
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